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We present an enhancement to the existing elliptical leaf spring (ELS) for improved damping and energy dissipation capabilities.
The ELS consists of a high tensile stainless steel elliptical leaf spring with polymer or rubber compound. This device is conceived
as a shock and vibration isolator for equipment and lightweight structures. The enhancement to the ELS consists of a lead spring
plugged vertically between the leaves (referred to as lead-rubber elliptical leaf spring (LRELS)). The lead is shown to produce
hysteretic damping under plastic deformations. The LRELS isolator is shown to exhibit nonlinear hysteretic behavior. In both
horizontal directions, the LRELS showed symmetrical rate independent behavior but undergoes stiffening behavior under large
displacements. However, in the vertical direction, the LRELS behavior is asymmetric, exhibiting softening behavior in compression
and stiffening behavior in tension. Mathematical models based on the Bouc-Wen model, describing the hysteretic behavior of the
proposed isolator, are developed and numerically calibrated using a series of finite element analyses. The LRELS is found to be
effective in the in-plane and vertical directions. The improved damping and energy dissipation of the LRELS is provided from the
hysteretic damping of the lead spring.
1. Introduction
Shock and vibration isolation of sensitive equipment and
machinery has become an integrated part of every engi-
neering design. Vibrations may be from a natural source
such as earthquakes or from artificial sources such as those
originating from operating machines. Such vibrations may
result in equipment failure, structural damage, or even
human injuries, depending on the severity of the disturbing
vibrations and the sensitivity of the equipment/facility. The
widely used conventional systems for vibration isolation are
passive types. The passive systems consist mainly of mechan-
ical assemblies which are made up of different materials
and designed to improve damping, stiffness, and strength of
structures [1]. Since the passive energy dissipation devices are
not an integral part of the main structure, they can easily
be replaced without compromising the structural integrity
[2]. Generally, passive isolators are placed at the base of the
equipment, which is referred to as base isolation. The reduc-
tion of vibrations transmitted to the equipment is achieved
with base isolation through an isolation system having a
required energy absorption capability and with sufficient
flexibility. This arrangement provides the equipment with
a fundamental frequency that is much lower than both its
fixed base frequency and the predominant frequency of the
vibration signal [3–5].
Several isolation systems have been investigated [3, 6, 7]
and shown to enhance the seismic performance of individual
equipment. The wire rope isolator [3, 8–10], spring-viscous
damper systems [7], and Ball-N-Cone base isolation [11] are
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some of the systems developed mainly to isolate equipment.
However, with lightweight equipment, it is difficult to achieve
good shock and vibration isolation with traditional devices.
To overcome this issue, the floor isolation technique has been
introduced [12–14]. In this technique, a group of equipment
items is mounted on a floor, which in turn is mounted on an
isolation system. Analytical studies and shake table tests [15–
17] showed the effectiveness of the floor isolation technique in
the seismic protection of equipment. However, in cases where
the disturbance is due to the operation of machinery situated
on the same floor as that of critical equipment, the isolation
of individual equipment is required rather than the whole
floor isolation. For instance, the elliptical leaf spring (ELS),
a type of passive isolators, has foundmany applications in the
isolation of individual equipment.
The ELS is a mechanical device designed to absorb the
shock and vibration energy by undergoing deformation and
then to release it. Hence, the strain energy stored in the
material and the shape becomes a major factor in designing
the springs.The experimental tests of the elliptical leaf spring
confirm its ability in providing good isolation [18–20]. The
company Advanced Antivibration Components, Inc. [21],
develops a series of shock and vibrationmounts including the
elliptical leaf spring antivibration mounts. Their basic design
employs two or more high ranges of tensile stainless steel
U-formed leaves, situated at each end, forming an elliptical
shape when joined together in the center portion with face
plates.The spaces between theU-formed leaves are filled with
a specially developed polymer (X-mounts) or stainless steel
mesh (XM-mounts).
The ELS mounting was specifically designed for ship-
board applications and is particularly suitable to protect
marine equipment from shock due to underwater explosions.
Further, ELS application has been extended to isolate heavy
machinery, air compressors, engine suspensions, and sensi-
tive equipment.The ELS operates effectively at low frequency
and it is known for its ability to attenuate large shock
inputs [21]. To attenuate high frequencies and provide sound
isolation, the ELS is fitted with a viscoelastic rubber block (Y-
mounts) known as the accelerator unit [22].The conventional
ELS behaves elastically in both horizontal directions and
nonlinearly elastically in the vertical directionwhich provides
the flexibility to the system. However, the main disadvantage
of the ELS is that it has high transmissibility at the resonant
frequency due to limited damping from the polymer.
This paper presents a new design which has improved
damping and energy dissipation over the original ELS design,
referred to here as lead-rubber elliptical leaf sparing (LRELS),
by incorporating a lead spring. The ELS described above can
be readily converted into an LRELS by placing a lead spring
down its center. The damping property of the ELS can be
improved by plugging the lead spring with an appropriate
size as in the lead-rubber bearings [23]. The lead material
is chosen because it yields at relatively low stress (around
10MPa in some applications) and behaves almost as an
elastic perfectly plastic solid [24]. In this paper, we investigate
the cyclic behavior of the proposed passive isolator in all
three directions using three-dimensional (3D) finite element
analysis (FEA). Further, mathematical models describing the
hysteresis behavior of the LRELS are developed based on the
Bouc-Wen model of hysteresis [25, 26] and calibrated with
numerical data.
2. Description of the LRELS
The LRELS vibration isolator is made of “U” shaped leaves
connected together at their open ends to face plates and
space plates to form an elliptical shaped assembly as shown
in Figure 1. The leaves are made of high tensile stainless steel,
while the compound between the inner and outer plates is
made of rubber. A lead spring is plugged vertically between
the top and bottom face plates.The leadmaterial enhances the
energy dissipation capability of the isolator. The spring shape
of the lead insert is intended to provide the damping and
energy dissipation capability in all directions, including the
twohorizontal directions (in-plane and out-of-plane).Hence,
a number of isolators can be placed in different orientations
and arrangements to achieve an optimum level of equipment
vibration control.
The available standard sizes of the ELS are designed for
nominal loads ranging from 10 to 450 kg under a wide range
of temperatures. At low temperatures, the ELS is durable even
under repeated shocks.The conventional ELSmounts operate
at relatively low frequency and are capable of attenuating large
shock inputs. However, the ELS has a high transmissibility at
resonance. For temperatures ranging from 0∘C to 40∘C the
natural frequency of the ELSmounts is almost constant.Their
natural frequencies increase when the temperature decreases.
ELS manufacturers use a special polymer as a damping
compound.This polymer,which has a very low static stiffness,
is used to achieve high damping efficiency. Although the ELS
is normally used in tension and compression, the LRELS can
be used for shock and vibration control in all directions. To
obtain high load bearing capacity, several LRELS units can
be combined together on one raft and placed at the base of
a building floor. In this way, several similar equipment units
can be isolated using the isolated raised floor technique.
3. Finite Element Analysis
The damping behavior and energy dissipation capabilities of
the LRELS are investigated by performing a series of cyclic
loading numerical analyses. The finite element models of the
LRELS devices were developed and analyzed using ANSYS
V14 software package [27]. ANSYS has been used in previous
studies for understanding the behavior of similar devices
[28] and different processes [29]. In building the 3D model
of the device, the hexahedral element (ANSYS solid95, 20
nodes, structural solid) is used tomodel the “U” shaped leaves
and the compound while the tetrahedral element (ANSYS
solid92, 10 nodes, tetrahedral structural solid) is used to fill
the remaining parts of the device. To maintain tetrahedra
to hexahedra conformability, the interface between the two
element types is transitioned using pyramid shaped elements
[30].
The leaves, top, and bottom face plates were assignedAISI
stainless steel type 302 material with an elastoplastic bilinear
law.The302 type of steelmaintains higher ductility levelwhile


















Figure 1: LRELS dimensions and loading directions.
meeting yield and tensile requirements. The ELS is made
from stainless steel with Young’s modulus (𝐸
𝑠
) of 200GPa,
Poisson’s ratio of 0.25, and a Von Mises yield criterion with
yield strength of 250MPa and a tangent modulus of 0.05 𝐸
𝑠
(Figure 2(a)).The leadmaterial selected for the vertical spring
is assumed to have Young’s modulus of 16GPa, Poisson’s
ratio of 0.44, an elastic perfectly plastic constitutive law,
and Von Mises yield criterion with yield strength of 30MPa
(Figure 2(b)).
In this study, the compound between the inner and
outer steel leaves is chosen to be filled by neoprene rubber.
Although other damping materials could be assumed, the
choice of the neoprene is primarily due to the availability
of its mechanical properties as experimental data in ANSYS
material database. Rubber is known for its capacity to recover
from large deformations quickly, and it is characterized by a
low elastic modulus and high bulk modulus. The neoprene
rubber is an incompressible and hyperelastic material. The
hyperelastic material law is defined by the strain energy














, depending on the hyperelastic material model
[31]. Several material models are available to describe the
hyperelastic stress-strain behavior of rubberlike materials.
Thepolynomial formof the strain energy potential is themost






























= 0, the polynomial model reduces to the
Neo-Hookean model. For consistency with linear elasticity,




(𝐼1 − 3) +
𝜅
2
(𝐽 − 1)2 , (3)
where 𝜇 is the shear modulus and 𝜅 is the bulk modulus.
The Neo-Hookean model was used in this study to fit the
curves obtained from the neoprene rubber experimental data
(Figure 2(c)).
The LRELS isolators respond differently depending on
their geometry and loading conditions. To determine their
behavior in the horizontal (in-plane and out-of-plane) and
vertical directions, a series of numerical finite element
analyses (FEA) was performed on a number of isolators
(Table 1) by imposing cyclic sinusoidal loads in a displace-
ment controlledmanner. Figure 3 shows the deformed shapes
of the LRELS subjected to in-plane, out-of-plane, and vertical
compression-tension displacements.
The behavior of the lead-rubber elliptical leaf spring
(LRELS) isolator in each direction is studied through a series
of three-dimensional (3D) finite element analyses (FEA)
using ANSYS. The choice of the 3D modeling approach
is dictated by the existence of the lead plug, which has a



















































Figure 2: LRELS material properties.
Table 1: Geometry of LRELS mounts considered in the study.
Designation ELS Leaf spring
Length 𝐴 (mm) Width 𝐵 (mm) Height 𝐶 (mm) 𝐻 (mm) 𝐷 (mm) 𝜙 (mm)
LRELS 1 216 50.8 107 94.62 76.2 13
LRELS 2 216 76.2 107 94.62 76.2 13
LRELS 3 216 101.6 107 94.62 76.2 13
LRELS 4 216 101.6 107 94.62 101.6 13

















Figure 3: Deformed shapes of LRELS 1.
spring shapewith a nonsymmetrical geometry across all three
planes, thus restricting any possible simplified modeling. All
nodes at the bottom of the isolator (bottom face plate) were
fixed while nodes at the top surface were subjected to a
displacement controlled load in the direction of interest. In
applying the displacement in one direction, nodes at the top
of surface (top face plate) of the finite element model were
restricted frommoving in the other twodirections to simulate
the real experimental conditions [3, 10, 33–35] and also to
isolate the behavior of the LRELS’s behavior in the direction
of interest independently of the other directions. In this way,
for example, applying an in-plane horizontal displacement
at the top of the isolator while restricting the movement in
the vertical and out-of-plane directions results in an accurate
estimation of the shear behavior. Figure 4 shows the force-
displacement curves for LRELS 1 obtained from the FEA; it
can be observed that the LRELS isolators exhibit nonlinear
hysteretic behavior. The responses of the ELS and lead spring
are separately provided in the same figure. It can be observed
that the addition of the lead spring introduces the damping
to the system and, further, enhances the energy dissipation of
the ELS. The results of the FEA for all the cases are discussed
in the next sections along with their mathematical models.
4. Mathematical Modeling
TheLRELS exhibits different behaviors in different directions
(Figure 4); hence, the mathematical models are developed
in this section for each loading direction. These models
are calibrated using FEA results. The effectiveness of the
LRELS through its stiffness, damping, and energy dissipation
capabilities is discussed later.
4.1. In-Plane Horizontal Direction. Figure 4(a) shows the
force-displacement curves for the ELS and the lead spring
separately in the in-plane direction.The total force mobilized
in the LRELS isolator can be expressed as the sumof the forces
from the ELS and from the lead spring; that is,
𝐹 (ELS) + 𝐹 (lead spring) = 𝐹 (LRELS) . (4)
The lead spring has an elastic, almost perfectly plastic behav-
ior and the ELS behaves elastically, indicating that the energy
dissipation is the property of the lead spring only. However,
the ELS behavior is the mechanism by which the LRELS
is able to store elastic energy as in the lead-rubber bearing
isolators [36].The in-plane horizontal behavior of all isolators
represents classical symmetrical hysteretic behavior and can
be modeled using the Bouc-Wenmodel of hysteresis [25, 26].
The force mobilized in the isolator is expressed as the sum of
an elastic and a hysteretic part (Figure 5):
𝐹 = 𝐹 (LRELS) = 𝑘
𝑝
𝑥+𝑄𝑧, (5)
where 𝑥 is the in-plane horizontal displacement and 𝑧 is a
dimensionless quantity taking values in the range [−1, 1] and







(𝛾 sign (?̇?𝑧) + 𝛽)] , (6)
where 𝐴, 𝛾, 𝛽, and 𝑛 are dimensionless quantities that
control the shape of the hysteresis loop and 𝑘
𝑝
, 𝑄, and 𝑥
𝑦
are the postelastic stiffness, yield strength, and the yield
displacement, respectively.
For the analytical modeling of the isolator in the in-plane
horizontal direction, the values 𝐴 = 1, 𝛾 = 0.5, 𝛽 = 0.5, and

















































Figure 4: Force-displacement curves for LRELS 1: (a) in-plane (b); out-of-plane; (c) compression/tension.
𝑛 = 2were used.The other parameters of the hysteresismodel
were identified using the least squares method and are listed
in Table 2. Figure 6 shows the force-displacement curves for
four LRELS mounts in the in-plane horizontal direction. It
can be observed that the mathematical model based on the
Bouc-Wen model of hysteresis is in good agreement with the
results predicted using FEA.
4.2. Out-of-Plane Horizontal Direction. Figure 4(b) shows
the force-displacement curve in the out-of-plane direction
for both ELS and lead spring. In this load case, the behavior
is symmetric; however, the force-displacement loop looks
narrower than in the case of in-plane direction, indicating
a lower damping ratio, and a stiffening behavior is observed
after 13mm of displacement. In addition, the LRELS is stiffer
in the out-of-plane direction than in the in-plane direc-
tion. Hysteresis models describing the out-of-plane behavior
are achieved by considering (4), which is demonstrated in
Figure 4(b); the force 𝐹 mobilized in the isolator in the out-
of-plane direction is the sum of an elastic and a hysteresis











Figure 5: Bouc-Wen model of hysteresis.
part (Figure 7); the elastic part (𝑓) may be represented by a
piecewise function while the hysteresis part is represented by
the hysteresis part of the Bouc-Wenmodel (i.e., (𝑄𝑧)); that is,





0 𝑥1 ≤ 𝑥 ≤ 𝑥2
𝑘1 (𝑥1 − 𝑥) 𝑥 < 𝑥1
𝑘2 (𝑥 − 𝑥2) 𝑥 ≥ 𝑥2.
(7b)





are negative quantities. The parameter
𝑘 represents the stiffness of the ELS prior to the stiffen-











Table 3 summarizes the values of the parameters used in
(7a) and (7b) for all the LRELS considered in the present
study. The proposed model is simple and all its parameters
have physical meaning. Comparisons of analytical and finite
element force-displacement curves of the isolators in the
out-of-plane mode are presented in Figure 8. The proposed
mathematicalmodel predictedwith good accuracy the results
obtained using FEA.
4.3. Vertical Direction. Figure 4(c) shows the force-displace-
ment curves for the ELS and the lead spring separately in the
vertical direction. All isolators were analyzed numerically in
the vertical (compression-tension) direction. The hysteretic
behavior of the isolators in the vertical direction exhibited
asymmetry due to different stiffness in tension and in com-
pression. Figure 9 demonstrates this behavior. For example,
LRELS 3 is stiffer in tension by around 45% than in compres-
sion. In compression, the isolator exhibited bilinear behavior
with stiffness softening and in tension it exhibited an increas-
ingly stiffening behavior.This can be explained by the fact that
when the vertical deformation in tension of the ELS reaches
a certain threshold (𝑥
1
in (7b)) the steel leaves approach their
limit of deformation allowed by the fixed bottom face plate,










LRELS 1 132.4 3.30 340.6 0.22
LRELS 2 132.4 3.85 340.6 0.33
LRELS 3 132.4 4.60 340.6 0.44
LRELS 4 132.4 3.36 248.2 0.44
leading to hardening in tension,which increaseswith increas-
ing load amplitudes. The same behavior has been reported
by many researchers investigating the wire rope isolators ([3,
8, 10, 37] among others). As a result, the energy dissipation
is different in tension than it is in compression. The model
of (7a) and (7b) reproduced well the numerical response
as illustrated in Figure 9. The parameters of the model are
tabulated in Table 4. Note that 𝑘
1
is positive in this case.
5. Effective Stiffness and Effective Damping
The force-displacement behavior of the LRELS obtained from
the FEA is used to determine the equivalent linear system.
The performance of the LRELS can be assessed based on
the effective dynamical properties (i.e., the effective stiffness
and effective damping).The effective stiffness provides details
on the load carrying capacity of the isolator. The effective
damping is calculated based on the estimated amount of
energy dissipated per cycle and the strain energy stored at
maximum displacement. The equivalent linear system which
is characterized by the effective stiffness and effective damp-
ing can be used to approximate the nonlinear behavior of the
LRELS. In many practical designs, the vibration analysis of
isolated equipment is mainly based on the equipment linear
analysis, rather than a full nonlinear dynamic analysis. It
should be noted that the equivalent linear system is valid only
for small vibration levels since high nonlinearity is observed
at large vibration amplitudes.
The lead spring in the LRELS is plugged to enhance
energy dissipation of the isolator. Figure 4 shows the com-
parison of the force-displacement relation between ELS and
LRELS. The ELS as a vibration isolation device provides the
isolation through the increased flexibility of the overall sys-
tem and in the special arrangement of ELS with the polymer
compound between the “U” shaped leaves can contribute
towards the viscous damping.The isolator increased damping
can provide better dissipation of the external induced dis-
turbances. The lead spring plugged vertically in the middle
of the ELS enhances the energy dissipation as demonstrated
in Figure 4. The LRELS exhibits hysteresis behavior in all
directions and the hysteresis curves provide a measure about
the amount of energy dissipated during the loading and
unloading of the isolator.
The effective stiffness 𝑘eff of the isolator can be calculated
from the force-displacement curve in terms of the parameters
𝑘
𝑝
, 𝑄, and the maximum displacement 𝑥max (Figure 5); it is
given by [4, 38, 39]



































































Figure 6: In-plane force-displacement curves.
Table 3: Parameters of model isolators in the out-of-plane horizontal direction.
Designation 𝑄 (N) 𝑥
𝑦









LRELS 1 330.24 3.32 145.95 −73.93 75.41 −14.94 15.19
LRELS 2 333.92 2.99 314.98 −179.82 179.40 −13.46 13.42
LRELS 3 343.34 2.75 594.46 −280.83 281.83 −13.22 13.35
LRELS 4 241.13 2.97 594.29 −282.02 281.14 −13.20 13.36
Table 4: Parameters of model isolators in the vertical direction.
Designation 𝑄 (N) 𝑥
𝑦









LRELS 1 298.43 4.44 95.12 23.29 27.49 −3.49 12.01
LRELS 2 300.10 4.62 151.04 38.08 45.31 −3.68 11.30
LRELS 3 304.92 4.78 212.21 55.75 66.37 −3.61 11.24
LRELS 4 191.56 8.07 212.54 54.13 64.32 −3.57 10.99















Figure 7: Out-of-plane behavior: force (LRELS) = force (ELS) + force (lead spring).
Table 5: Effective stiffness, damping, and energy dissipation in the
in-plane horizontal direction.
Designation 𝑘eff (N/mm) 𝑊𝐷 (N⋅mm) 𝑊𝑆 (N⋅mm) 𝛽eff (%)
LRELS 1 40.54 36376.08 18243.55 15.87
LRELS 2 55.29 35626.76 24878.61 11.40
LRELS 3 69.71 34604.96 31369.43 8.78
LRELS 4 66.81 26445.00 30065.50 7.00
The effective damping 𝛽eff for 𝑥max ≥ 𝑥𝑦 is defined to be the
area of the hysteresis loop,𝑊
𝐷









The area of the hysteresis loop𝑊
𝐷




= 4𝑄(𝑥max −𝑥𝑦) (10)
and 𝑄 represents the energy dissipated per cycle; it is due
mainly to the plastic deformation of the lead spring. The
strain energy stored at maximum displacement,𝑊
𝑆
, is given









The effective stiffness, the effective damping, and the energy
dissipation calculated for all isolators and in all three direc-
tions are presented in Tables 5–7. It is clear that increasing the
isolator width increases the stiffness. Considering LRELS 1, it
can be observed that the effective stiffness is approximately
three times greater in the out-of-plane horizontal direction
than in the in-plane direction. However, the effective damp-
ing is lower for the out-of-plane direction than in the in-plane
and vertical directions, but the energy dissipated per cycle is
almost the same in both horizontal directions.
Table 6: Effective stiffness, damping, and energy dissipation in the
out-of-plane horizontal direction.
Designation 𝑘eff (N/mm) 𝑊𝐷 (N⋅mm) 𝑊𝑆 (N⋅mm) 𝛽eff (%)
LRELS 1 193.71 29731.25 85509.56 2.77
LRELS 2 427.69 34591.53 192589.18 1.43
LRELS 3 766.10 5679.78 345253.00 0.13
LRELS 4 762.20 6523.74 343470.26 0.15
Table 7: Effective stiffness, damping, and energy dissipation in the
vertical direction.
Designation 𝑘eff (N/mm) 𝑊𝐷 (N⋅mm) 𝑊𝑆 (N⋅mm) 𝛽eff (%)
LRELS 1 121.59 18598.47 24356.47 6.08
LRELS 2 186.52 17860.12 37315.60 3.81
LRELS 3 257.58 16895.21 51526.15 2.61
LRELS 4 251.95 6400.71 50400.04 1.01
The energy dissipated per cycle depends on the lead
spring behavior, and since the force-displacement behavior
of the latter is almost the same in both horizontal directions,
this energy would be approximately the same. The increased
stiffness of the LRELS in all directions enables its use in the
isolation of heavier equipment. The damping contribution of
the lead spring can be advantageous in the region of reso-
nance, by reducing the transmissibility. The higher effective
damping in the in-plane horizontal direction indicates that
the recommended orientation of the LRELS when used to
isolate equipment is the in-plane direction.
6. Conclusions
The elliptical leaf spring (ELS) lacks damping and energy
dissipation capacity. In this paper, we investigated a method
to enhance the ELS by plugging a lead spring between the
upper and lower face plates of the “U” shaped stainless
10 Shock and Vibration

































































Figure 8: Out-of-plane force-displacement curves.
steel leaves. Full three-dimensional finite element analysis
demonstrated that the plugged lead spring has provided an
improvement in the effective stiffness, effective damping,
and energy dissipation, especially in the in-plane horizontal
direction. In addition, we developed mathematical models
that describe the nonlinear cyclic behavior of the new
improved device.These models were validated and calibrated
using a series of finite element analyses.
Nevertheless, the presented results should provide a basis
for understanding the behavior of the ELS and the LRELS in
the three planes. In the future, experimental studies will be
carried out for an enhanced calibration of the parameters of
the mathematical models and to extend the study to include
the dynamic performance of equipment mounted on several
LRELS isolators.
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